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Abstract
The aim of this note is to provide a natural extension of Gelfond’s constant epi using a
hypergeometric function approach. An extension is also found for the square root of this
constant. A few interesting special cases are presented.
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1. Introduction
In mathematics, Gelfond’s constant, which is named after Aleksandr Gelfond, is given by epi.
Like both e and pi, this constant is a transcendental number. The decimal expansion of Gelfond’s
constant is
epi = 23.1406926 32779 . . .
and its continued fraction representation is given in [4, A039661].
This number has a connection to the Ramanujan constant epi
√
163 = (epi)
√
163. It is worth
noting that this last number is almost an integer:
epi
√
163 ≃ 6403203 + 744.
A geometrical occurrence of Gelfond’s constant arises in the sum of even-dimension unit spheres
with volume V2n = pi
n/n!. Then
∞∑
n=0
V2n = e
pi.
There are several ways of expressing Gelfond’s constant, some of which are enumerated
below:
epi = (ii)−2 (i =
√
−1);
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epi =
( ∞∑
k=0
(−1)k
k!
)−4s
, s =
∞∑
k=0
(−1)k
2k + 1
;
epi =
( ∞∏
k=1
k−µ(k)/k
)σ
, σ =
√
6Li2(1),
where µ(k) is the Mo¨bius function and Lin(x) is the polylogarithm function;
epi = 0F1(−−; 12 ;pi2/4) + pi 0F1(−−; 32 ;pi2/4),
where 0F1(−−; a; z) is a generalised hypergeometric function that can be expressed in terms of
modified I-Bessel functions of order ± 12 ; and finally
epi = 2F1(i,−i; 12 ; 1) + 2 2F1(12 + i, 12 − i; 32 ; 1), (1.1)
where 2F1a, b; c; z) is the well-known Gauss hypergeometric function [2, p. 384]. The result
(1.1) can be easily established by making use of the classical Gauss summation theorem
2F1(a, b; c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b) (1.2)
provided ℜ(c− a− b) > 0.
The natural extension of the summation theorem (1.2) to the 3F2 hypergeometric series is
available in the literature [3], which we shall write in the following manner:
3F2
(
a, b, d+ 1
c+ 1, d
; 1
)
=
Γ(c+ 1)Γ(c− a− b)
Γ(c− a+ 1)Γ(c− b+ 1)
{
c− a− b+ ab
d
}
(1.3)
provided d 6= 0,−1,−2, . . . and ℜ(c − a− b) > 0. The aim of this note is to provide a natural
extension of Gelfond’s constant (1.1), and also its square root, with the help of the result (1.3).
A few interesting results closely related to Gelfond’s constant and its square root are also given.
2. Extension of Gelfond’s constant
The natural extension of Gelfond’s constant to be established here is given in the following
theorem.
Theorem 1 For d1, d2 6= 0,−1,−2, . . . , the following result holds true:
epi
(
1
5d1
+
15
32d2
+
23
80
)
+ e−pi
(
1
5d1
− 15
32d2
− 7
80
)
= 3F2
(
i,−i, d1 + 1
3
2 , d1
; 1
)
+ 2 3F2
(
1
2 + i,
1
2 − i, d2 + 1
5
2 , d2
; 1
)
. (2.1)
Proof. The derivation of (2.1) follows from application of the summation formula (1.3). We
have
3F2
(
i,−i, d1 + 1
3
2 , d1
; 1
)
= (epi + e−pi)
(
1
10
+
1
5d1
)
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3F2
(
1
2 + i,
1
2 − i, d2 + 1
5
2 , d2
; 1
)
= (epi − e−pi)
(
3
32
+
15
64d2
)
.
Insertion of these summations into the right-hand side of (2.1) then yields the result asserted
by the theorem ✷
3. Corollaries
In this section, we mention some interesting special cases of our main result in (2.1).
Corollary 1 In (2.1), if we take d1 = 2/(5n− 1) and d2 = 15/(2(8n− 3)) for positive integer
n, then we obtain after a little calculation the following result:
nepi = 3F2
(
i,−i, 5n+15n−1
3
2 ,
2
5n−1
; 1
)
+ 2 3F2
( 1
2 + i,
1
2 − i, 16n+92(8n−3)
5
2 ,
15
2(8n−3)
; 1
)
. (3.1)
In particular, when n = 1 we recover Gelfond’s constant (1.1). For n = 2, 3 we find respectively
the following results related to (1.1):
2epi = 3F2
(
i,−i, 119
3
2 ,
2
9
; 1
)
+ 2 3F2
(
1
2 + i,
1
2 − i, 4126
5
2 ,
15
26
; 1
)
(3.2)
and
3epi = 3F2
(
i,−i, 87
3
2 ,
1
7
; 1
)
+ 2 3F2
(
1
2 + i,
1
2 − i, 1914
5
2 ,
5
14
; 1
)
. (3.3)
Corollary 2 In (2.1), if we take d1 = 2/(5n − 1) and d2 = −15/(2(8n + 3)) for positive
integer n, then we obtain after a little calculation the following result:
ne−pi = 3F2
(
i,−i, 5n+15n−1
3
2 ,
2
5n−1
; 1
)
+ 2 3F2
( 1
2 + i,
1
2 − i, 16n−92(8n+3)
3
2 ,
−15
2(8n+3)
; 1
)
. (3.4)
In particular, for n = 1, 2, 3 we find respectively the following results:
e−pi = 2F1
(
i, −i
1
2
; 1
)
+ 2 3F2
(
1
2 + i
1
2 − i, 722
3
2 ,− 1522
; 1
)
, (3.5)
2e−pi = 3F2
(
i, −i, 119
3
2 ,
2
9
; 1
)
+ 2 3F2
(
1
2 + i,
1
2 − i, 2338
3
2 ,− 1538
; 1
)
(3.6)
and
3e−pi = 3F2
(
i,−i, 87
3
2 ,
1
7
; 1
)
+ 2 3F2
(
1
2 + i,
1
2 − i, 1318
3
2 ,− 518
; 1
)
. (3.7)
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Corollary 3 In (2.1), if we take d1 = 1/(2(10n− 1)) and d2 = −5/2 for positive integer n,
then we obtain after a little calculation the following result:
n(epi + e−pi) = 3F2
(
i,−i, 20n−12(10n−1)
3
2 ,
1
2(10n−1)
; 1
)
+ 2 3F2
(
1
2 + i,
1
2 − i,− 32
3
2 , − 52
; 1
)
. (3.8)
In particular, for n = 1, 2, 3 we find respectively the following results:
epi + e−pi = 3F2
(
i,−i, 1918
3
2 ,
1
18
; 1
)
+ 2 3F2
(
1
2 + i,
1
2 − i,− 32
3
2 , − 52
; 1
)
, (3.9)
2(epi + e−pi) = 3F2
(
i,−i, 3938
3
2 ,
1
38
; 1
)
+ 2 3F2
(
1
2 + i,
1
2 − i,− 32
3
2 , − 52
; 1
)
(3.10)
and
3(epi + e−pi) = 3F2
(
i,−i, 5958
3
2 ,
1
58
; 1
)
+ 2 3F2
(
1
2 + i,
1
2 − i,− 32
3
2 , − 52
; 1
)
. (3.11)
Similarly other results can be obtained.
4. The square root of Gelfond’s constant: epi/2
Expressions for the square root of Gelfond’s constant are:
epi/2 = i−i;
epi/2 =
( ∞∑
k=0
(−1)k
k!
)−2s
, s =
∞∑
k=0
(−1)k
2k + 1
;
epi/2 = 2F1
(
i,−i
1
2
;
1
2
)
+
√
2 2F1
(
1
2 + i,
1
2 − i
3
2
;
1
2
)
(4.1)
together with the inverse expression
e−pi/2 = 2F1
(
i,−i
1
2
;
1
2
)
−
√
2 2F1
(
1
2 + i,
1
2 − i
3
2
;
1
2
)
. (4.2)
The results in (4.1) and (4.2) can be obtained by evaluating the first hypergeometric function
by the second Gauss theorem and the second hypergeometric function by Bailey’s theorem viz.
2F1
(
a, b
1
2 (a+ b+ 1)
;
1
2
)
=
Γ(12 )Γ(
1
2a+
1
2b+
1
2 )
Γ(12a+
1
2 )Γ(
1
2b+
1
2 )
,
2F1
(
a, 1− a
c
;
1
2
)
=
Γ(12c)Γ(
1
2c+
1
2 )
Γ(12c+
1
2a)Γ(
1
2c− 12a+ 12 )
.
We now derive the analogue of Theorem 1 by making use of the extension of the second
Gauss and Bailey’s theorems applied to 3F2 series. These are given by [1]:
3F2
(
a, b, d+ 1
1
2 (a+ b + 3), d
;
1
2
)
=
Γ(12 )Γ(
1
2a+
1
2b+
3
2 )Γ(
1
2a− 12b− 12 )
Γ(12a− 12b+ 32 )
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×
{ 1
2 (a+ b− 1)− ab/d
Γ(12a+
1
2 )Γ(
1
2b+
1
2 )
+
(a+ b+ 1)/d− 2
Γ(12a)Γ(
1
2b)
}
(4.3)
and
3F2
(
a, 1− a, d+ 1
c+ 1, d
;
1
2
)
= 2−cΓ(12 )Γ(c+ 1)
×
{
2/d
Γ(12 c+
1
2a)Γ(
1
2c− 12a+ 12 )
+
1− (c/d)
Γ(12c+
1
2a+
1
2 )Γ(
1
2c− 12a+ 1)
}
, (4.4)
provided d 6= 0,−1,−2, . . . . Then we have the following theorem:
Theorem 2 For d1, d2 6= 0,−1,−2, . . . , the following result holds true:
epi/2
(
1
10d1
+
3
16d2
+
27
40
)
+ e−pi/2
(
3
10d1
− 21
16d2
+
11
40
)
= 3F2
(
i,−i, d1 + 1
3
2 , d1
;
1
2
)
+
√
2 3F2
(
1
2 + i,
1
2 − i, d2 + 1
5
2 , d2
;
1
2
)
. (4.5)
Proof. In the first 3F2 series use (4.3) and in the second 3F2 series use (4.4) together with
standard properties of the gamma function. ✷
Corollary 4 If in (4.5) we take d1 = 1/(7n− 5) and d2 = 15/(24n− 14) for positive integer n
then we find
nepi/2 = 3F2
(
i,−i, 7n−47n−5
3
2 ,
1
7n−5
;
1
2
)
+
√
2 3F2
( 1
2 + i,
1
2 − i, 24n+124n−14
5
2 ,
15
24n−14
;
1
2
)
. (4.6)
When n = 1 we recover (4.1). For n = 2, 3 we find respectively the following results:
2epi/2 = 3F2
(
i,−i, 109
3
2 ,
1
9
;
1
2
)
+
√
2 3F2
(
1
2 + i,
1
2 − i, 4934
5
2 ,
15
34
;
1
2
)
(4.7)
and
3epi/2 = 3F2
(
i,−i, 1716
3
2 ,
1
16
;
1
2
)
+
√
2 3F2
(
1
2 + i,
1
2 − i, 7358
5
2 ,
15
58
;
1
2
)
. (4.8)
Similarly other results can be obtained.
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